A general version of Beltrami's theorem in Finslerian setting by Bucataru, Ioan & Creţu, Georgeta
ar
X
iv
:1
90
2.
05
27
4v
1 
 [m
ath
.D
G]
  1
4 F
eb
 20
19
FINSLER SPACES OF CONSTANT FLAG CURVATURE AND THEIR
PROJECTIVE GEOMETRY
IOAN BUCATARU AND GEORGETA CRET¸U
Abstract. In Theorem 3.1, a Finslerian extension of Schur’s Lemma that includes dimension 2
as well, we provide three necessary and sufficient conditions (CC-conditions) for a Finsler space
to be of constant flag curvature. Depending on the dimension of the manifold, one of these three
CC-conditions is automatically satisfied.
First and third CC-conditions are projectively invariant and they have Riemannian corre-
spondents. Third CC-condition is given by a projectively invariant 2-form that plays the role of
Cotton (Liouville) tensor.
The second CC-condition is purely Finslerian and it is projectively invariant if and only if
the projective factor is a Hamel function. This condition restricts the validity of the Beltrami
Theorem in the Finslerian context. Theorem 3.3 represents the Finslerian version of Beltrami’s
Theorem that includes dimension 2 and extends a previous version valid in dimension greater
than 2, [3, Theorem 5.2].
1. Introduction
Flag curvature in Finsler geometry is a natural extension of the sectional curvature in Riemann-
ian geometry. While in Riemannian geometry, metrics of constant curvature are well understood
and classified, in Finsler geometry the problem is far from being solved, [9, 14]. In Finsler geometry,
there are many characterisations for metrics of constant flag curvature, [1, 2, 3]. In this paper, in
Theorem 3.2, we provide a new characterisation for Finsler spaces of constant curvature in terms
of three conditions, which we call CC-conditions. There are two motivations for this formulation
of the three CC-conditions: (3.6), (3.7), (3.8). First, we can view Theorem 3.2 as a Finslerian
extension of Schur’s Lemma that includes dimension 2 as well. Secondly, it is easy to check the
projective invariance of the three CC-conditions, to determine under what additional requirements
theses conditions are invariant and to decide how to formulate a Finslerian version of Beltrami
Theorem.
In Theorem 3.2, one of the CC-conditions is always satisfied, depending on the dimension of the
manifold. In the 2-dimensional case, the first CC-condition (the isotropy condition) is automatically
satisfied, while in dimension grater than 2, the third CC-condition is satisfied due to differential
Bianchi identies. The first and third CC-conditions are invariant under projective deformations
and they have corresponding quantities in the Riemannian context. The second CC-condition is
not a projective invariant unless the projective factor is a Hamel function. Therefore, the second
CC-condition gives, for a Finsler metric of constant curvature, the class of projectively related
Finsler metrics that also have constant curvature.
Beltrami’s Theorem states that a Riemannian metric projectively equivalent to a Riemannian
metric of constant curvature has constant curvature. A classic proof of Beltrami’s Theorem uses
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the projective Weyl tensor if n ≥ 3 and the Liouville (Cotton) tensor if n = 2, see [12] for a recent
survey on the projective geometry of affine sprays.
There are two important aspects to be considered for appropriate generalisations of Beltrami’s
Theorem from Riemann to Finsler spaces. On the one hand the generalisation should be a result
about Finsler spaces of constant curvature, and this is the line we followed in this work and [3]. On
the other hand the generalisation should be a result about projectively equivalent spray spaces, as
it has been done by Crampin in [5, 6].
In this work we prove the following Finslerian version of Beltrami’s Theorem, for dimension
n ≥ 2, see Theorem 3.3.
If two Finsler metrics over the same base manifold have projectively equivalent geodesic sprays
and one is of constant flag curvature then the other is also of contant curvature if and only if the
projective factor is a Hamel function.
The proof we provide uses the projective transformations of the three CC-conditions proposed
in Theorem 3.2, first two conditions for n ≥ 3 and the last two conditions for n = 2. The projective
invariant 2-form from the third CC-condition (3.8) can be viewed as the Cotton (Liouville) tensor
of the spray. The Cotton tensor has been introduced very recently by Crampin in the geometry of
a spray, [6], as an obstruction to the R-flatness of a 2-dimensional spray.
In dimension n ≥ 3, the Finslerian version of Beltrami Theorem, [3, Theorem 5.2], has been
proved using a Weyl-type curvature tensor that characterise Finsler metrics of constant curvature.
2. Isotropic sprays
We start this section with a brief introduction to the geometric setting associated to a spray
(nonlinear connection and curvature tensors). Then, we focus on isotropic sprays and show, in
Lemma 2.3, that such sprays can be characterised in terms of a semi-basic 1-form that we call the
curvature 1-form. In Lemma 2.4 we reformulate the differential Bianchi identities in terms of the
curvature 1-form.
We consider M a smooth, n-dimensional, connected manifold, with n ≥ 2. TM is the tangent
bundle and T0M = TM−{0} the tangent bundle with the zero section removed. Local coordinates
on M are denoted by (xi), while induced local coordinates on TM are denoted by (xi, yi) for
i ∈ {1, 2, · · · , n}. On TM there are two canonical structures that we will use further, the Liouville
vector field and the tangent endomorphism, whose expressions in local coordinates are given by
C = yi
∂
∂yi
, J = dxi ⊗
∂
∂yi
.
A system of second order ordinary differential equations on M ,
(2.1)
d2xi
dtt
+ 2Gi
(
x,
dx
dt
)
= 0
can be identified with a special vector field on TM
(2.2) S = yi
∂
∂xi
− 2Gi(x, y)
∂
∂yi
,
that is called a semispray. If additionally, S ∈ X(T0M) and satisfies the homogeneity condition
[C, S] = S we say that S is a spray. In this work we deal with sprays only.
A curve c : I ⊂ R → M , solution of the system (2.1), is called a geodesic of the corresponding
spray (2.2).
Am orientation preserving reparametrisation t → t˜(t) of the system (2.1) leads to a new spray
S˜ = S − 2PC, where P ∈ C∞(T0M) is a positively 1-homogeneous scalar function.
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Definition 2.1. Two sprays S and S˜ are projectively related if their geodesics coincide up to an
orientation preserving reparametrisation.
We will refer to the map S → S˜ = S − 2PC, for P ∈ C∞(T0M) a positively 1-homogeneous
function, as to a projective deformation of the spray S.
In this work we will use the Fro¨licker-Nijenhuis formalism to associate a geometric framework
to any given spray, [7, 8]. First geometric structure associated to a spray is the canonical nonlinear
connection, that determines a horizontal and a vertical projector:
h =
1
2
(Id−[S, J ]), v =
1
2
(Id+[S, J ]).
Locally, the two projectors h and v can be expressed as follows
h =
δ
δxi
⊗ dxi, v =
∂
∂yi
⊗ δyi,
δ
δxi
=
∂
∂xi
−N ji (x, y)
∂
∂yi
, δyi = dyi +N ij(x, y)dx
i, N ij(x, y) =
∂Gi
∂yj
(x, y).
For a spray S consider the vector valued semi-basic 1-form
(2.3) Φ = v ◦ [S, h] = Rij(x, y)
∂
∂yi
⊗ dxi, Rij = 2
δGi
δxj
− S
(
∂Gi
∂yj
)
+
∂Gi
∂yk
∂Gk
∂yj
,
which will be called the Jacobi endomorphism. Another important geometric structure induced by
a spray S is the curvature tensor :
(2.4) R =
1
2
[h, h].
The curvature tensors Φ and R are related by:
(2.5) 3R = [J,Φ], Φ = iSR.
The Ricci scalar ρ ∈ C∞(T0M) given by:
(2.6) ρ =
1
n− 1
Rii =
1
n− 1
Tr(Φ),
is another important quantity that we will use in this work.
Definition 2.2. A spray S is said to be isotropic if there exists a semi-basic 1-form α ∈ Λ1(T0M)
such that the Jacobi endomorphism can be written as follows:
(2.7) Φ = ρJ − α⊗ C.
We mention that, for an isotropic spray S, due to the second formula (2.5), we have that
Φ(S) = i2SR = 0 and hence ρ = iSα.
The two conditions (2.5) allow to reformulate the isotropy condition (2.7) in terms of the cur-
vature tensor R.
Lemma 2.3. A spray S is isotropic if and only if there exists a semi-basic 1-form ξ ∈ Λ1(T0M)
such that its curvature tensor R is given by:
(2.8) R = ξ ∧ J − dJξ ⊗ C.
FINSLER SPACES OF CONSTANT FLAG CURVATURE 4
Proof. Assume that the spray S is isotropic and hence its Jacobi endomorphism Φ is given by
formula (2.7). Using first formula (2.5), the curvature tensor R will have the form:
(2.9)
3R = [J,Φ] = [J, ρJ − α⊗ C] = [J, ρJ ]− [J, α⊗ C]
= ρ[J, J ] + dJρ ∧ J − (dρ)J ∧ J − dJα⊗ C + dα⊗ JC + α ∧ [J, C]
= dJρ ∧ J − dJα⊗ C + α ∧ J = (dJρ+ α) ∧ J − dJα⊗ C,
which gives formula (2.8), for the semi-basic 1-form
(2.10) ξ :=
1
3
(α+ dJρ) .
Conversely, we will assume that the curvature tensor R is given by formula (2.8). Using the second
formula (2.5) we can recover the Jacobi endomorphism as follows:
Φ = iSR = iS (ξ ∧ J − dJξ ⊗ C) = iSξJ − (iSdJξ + ξ)⊗ C.
By taking the trace of this endomorphism we obtain Tr(Φ) = (n − 1)iSξ and hence the Ricci
scalar is given by ρ = iSξ. With this, the Jacobi endomorphism satisfies (2.7) and the spray S is
isotropic. 
The characterisation (2.8) for isotropic spray has been used by Crampin in [5, 6]. We will call
the semi-basic 1-form ξ in formula (2.8) the curvature 1-form of the isotropic spray.
Lemma 2.4 (Differential Bianchi identies). In dimension n ≥ 3, the curvature 1-form of an
isotropic spray satisfies dhξ = 0.
Proof. Consider S a spray with the curvature tensor given by (2.4). Using the Jacobi identity for
the vector-valued 1-form h we obtain the differential Bianchi identity
[h,R] =
1
2
[h, [h, h]] = 0.
We assume now that S is an isotropic spray, with curvature tensor given by formula (2.8). We
will use that the tension of the spray vanishes, [h, J ] = 0, and the fact that the connection is
1-homogeneous, [h, C] = 0, see [7], to write the Bianchi identity as follows:
0 = [h,R] = [h, ξ ∧ J − dJξ ⊗ C] = dhξ ∧ J − dhdJξ ⊗ C.
In the above formula we take the trace of the vector valued 3-forms and obtain
(n− 2)dhξ − iSdhdJξ = 0.(2.11)
In formula (2.11) we apply the inner product iS and obtain (n − 2)iSdhξ = 0. Since n ≥ 3 it
follows that iSdhξ = 0. In formula (2.11) we evaluate iSdhdJξ. We have
−iSdhdJξ = iSdJdhξ = −dJ iSdhξ + LJSdhξ + i[J,S]dhξ = LCdhξ + iId−2vdhξ = dhξ + 2dhξ = 3dhξ.
Last calculations, together with formula (2.11) imply that dhξ = 0. 
The semi-basic 2-form dhξ appears in [5] as an obstruction for an isotropic spray to be R-flat.
In his paper [5], Crampin shows, using local coordinates, that in dimension n ≥ 3, this obstruction
always vanishes, while in [6] he shows that a 2-dimensional spray is projectively R-flat if and only
if dhξ = 0.
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3. Finsler spaces of constant flag curvature and their projective deformation
In this section we provide three necessary and sufficient conditions (CC-conditions: (3.6), (3.7),
(3.8)) for a Finsler metric to have constant curvature, see Theorem 3.2. By studying the projec-
tive invariance of these CC-conditions we provide a Finslerian version of Beltrami Theorem for
dimension n ≥ 2 (Theorem 3.3).
Definition 3.1. By a Finsler metric we mean a continuous function F : TM → R satisfying the
following conditions
(1) F is smooth and strictly positive on T0M ;
(2) F is positively homogeneous of order 1, which means that F (x, λy) = λF (x, y), for all
λ > 0 and (x, y) ∈ TM ;
(3) The metric tensor with components
gij(x, y) =
1
2
∂2F
∂yi∂yj
has rank n on TM.
Due to the regularity condition (3), the equation
iSddJF
2 = −dF 2
uniquely determines a vector field S on T0M , which is a spray and it is called the geodesic spray
of the Finsler metric. The geometric setting for a Finsler metric is induced by its geodesic spray.
A Finsler metric has scalar flag curvature if there exists a 0-homogeneous function κ ∈ C∞(T0M),
such that the Jacobi endomorphism can be expressed as follows
(3.1) Φ = κ(F 2J − FdJF ⊗ C).
When the scalar flag curvature κ is constant, we say that the Finsler metric has constant curvature.
For a Finsler metric of scalar flag curvature, its geodesic spray is isotropic, the Ricci scalar ρ and
the semi-basic 1-form α being given by:
(3.2) ρ = κF 2, α = κFdJF.
In view of Lemma 2.3, a Finsler metric has scalar flag curvature if and only if its curvature tensor
takes the form
(3.3) R =
1
3F
dJ
(
κF 3
)
∧ J − dJ
(
1
3F
dJ
(
κF 3
))
⊗ C.
Using the formulae (2.10) and (3.2), the curvature 1-form ξ is given by
(3.4) ξ =
1
3F
dJ
(
κF 3
)
.
If the Finsler metric F has constant curvature then its curvature tensor is given by
(3.5) R = κFdJF ∧ J.
Theorem 3.2 (Finslerian version of Schur’s Lemma for n ≥ 2). Consider S the geodesic spray of
a Finsler metric F . Then F has constant curvature if and only if:
S is isotropic (this condition is always true for n=2);(3.6)
and the curvature 1-form satisfies:
dJξ = 0;(3.7)
dhξ = 0 (this condition is always true for n ≥ 3).(3.8)
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Proof. We assume that F is a Finsler metric of constant curvature, which means that its curvature
tensor is given by formula (3.3), which reduces to formula (3.5), when κ is a constant. Therefore,
its geodesic spray is isotropic and the curvature 1-form is given by
ξ = κFdJF.
It follows that dJξ = 0 and since dhF = 0, the last CC-condition dhξ = 0 is also satisfied.
For the converse implication, we assume that S is the geodesic spray of a Finsler metric that
satisfies the three CC-conditions. First CC-condition tells us that the Finsler metric has isotropic
geodesic sprays and, according to [13, Lemma 8.2.2], it has scalar flag curvature κ. It follows that
the curvature 1-form is given by formula (3.4), which can be further written as
ξ =
F 2
3
dJκ+ κFdJF.(3.9)
In order to show that κ is constant we will prove that dJκ = 0 and dhκ = 0.
The second CC-condition (3.7) implies
(3.10) dJκ ∧ dJF = 0.
We apply iS to both sides of this formula and obtain (iSdJκ)dJF − (iSdJF )dJκ = 0, which implies
that FdJκ = 0 and hence dJκ = 0. In the previous calculations we did use that κ is 0-homogeneous
and iSdJκ = C(κ) = 0, while F is 1-homogeneous and iSdJF = C(F ) = F .
Since dJκ = 0, we use formula (3.9) for the curvature 1-form to rewrite the last CC-condition,
(3.8), in the following form
(3.11) dhκ ∧ dJF = 0.
If we apply iS to both sides of this formula we get (iSdhκ)dJF − (iSdJF )dhκ = 0, which can be
written as follows:
(3.12) S(κ)dJF − Fdhκ = 0.
Since dJκ = 0 it follows that dvκ = 0 and using the commutation rule for the derivations LS and
dJ we have
dJS(κ) = LSdJκ+ d[J,S]κ = dhκ.
In conclusion, we can rewrite (3.12) in the following way
S(κ)dJF − FdJS(κ) = 0⇔ S(κ)
dJF
F 2
−
1
F
dJS(κ) = 0⇔ dJ
(
S(κ)
F
)
= 0.
Last formula implies S(κ) = 0 and, going back to formula (3.12), we obtain dhκ = 0, which assures
that κ is constant and therefore the Finsler metric has constant curvature.
According to [13, Lemma 8.1.10], in the 2-dimensional case, sprays are always isotropic, and
therefore the first CC-condition is automatically satisfied.
According to Lemma 2.4, in dimension n ≥ 3, the curvature 1-form of an isotropic spray
automatically satisfies the third CC-condition. 
The first two CC-conditions, (3.6) and (3.7), provide and equivalent characterisation for Finsler
metrics of isotropic curvature (scalar curvature does not depend on the fiber coordinates) that were
studied in [10]. These conditions were used to define a Weyl-type curvature tensor in [3, (4.1)]
that characterises Finsler metrics of constant curvature in dimension n ≥ 3.
When n ≥ 3, there are various proofs of Theorem 3.2 in Finsler geometry, [11, Proposition 26.1],
[15, Theorem 9.4.11].
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Next, we study the projective invariance of the three CC-conditions: (3.6), (3.7) and (3.8).
While the isotropy condition is known to be invariant, we prove that the third CC-condition is
also invariant. We will show that the second CC-condition is invariant only for those projective
deformations P satisfying the Hamel equation
dhdJP = 0.(3.13)
A positive, 1-homogeneous function P on T0M , which satisfies the equation (3.13) is called a Hamel
function.
Theorem 3.3 (Finslerian version of Beltrami’s Theorem for n ≥ 2). If two Finsler metrics over
the same base manifold have projectively equivalent geodesic sprays and one is of constant flag
curvature then the other is also of constant curvature if and only if the projective factor is a Hamel
function.
Proof. Consider S and S˜ the geodesic sprays of the two projectively related Finsler metrics, which
means that S˜ = S − 2PC, for P ∈ C∞(T0M), positively 1-homogeneous.
The isotropy condition is invariant under projective deformations and therefore both S and S˜
are isotropic. According to [4, Proposition 4.4], the corresponding curvature 1-forms ξ and ξ˜ are
related by
(3.14) ξ˜ = ξ + PdJP − dhP.
If we apply dJ to both sides of formula (3.14), we obtain:
(3.15) dJ ξ˜ = dJξ − dJdhP.
In order to study the projective invariance of the third CC-condition, we use that the horizontal
projectors are related by h˜ = h− PJ − dJP ⊗ C, see [4, (4.8)], and hence
(3.16)
d
h˜
ξ˜ = d
h˜
(ξ + PdJP − dhP ) = dh˜ξ + dh˜PdJP − dh˜dhP
= dh−PJ−dJP⊗Cξ + dh−PJ−dJP⊗CPdJP − dh−PJ−dJP⊗CdhP
= dhξ − PdJξ − dJP ∧ ξ + dhP ∧ dJP + PdhdJP − dRP + PdJdhP + dJP ∧ dhP
= dhξ − PdJξ + ξ ∧ dJP − dRP + PdJdhP + PdhdJP
= dhξ − PdJξ + ξ ∧ dJP − dRP.
Now, using the form (2.8) of the curvature tensor R we have
dRP = dξ∧J−dJξ⊗CP = ξ ∧ dJP − PdJξ,
which together with (3.16) allows us to conclude that
(3.17) d
h˜
ξ˜ = dhξ.
According to Theorem 3.2, the Finsler metric F has constant curvature if and only if the three
CC-conditions are satisfied: S is isotropic, dJξ = 0 and dhξ = 0. Similarly, the projectively
related Finsler metric F˜ has constant curvature if and only if it satisfies the corresponding three
CC-conditions. In view of formulae (3.15) and (3.17) this is true if anf only if dhdJP = 0, which
means that P is a Hamel function. 
Formula (3.17) shows that the curvature 2-form dhξ is a projective invariant of isotropic sprays.
According to Lemma 2.4, this curvature 2-form vanishes in dimension n ≥ 3 and therefore it is a
useful projective invariant for 2-dimensional sprays, which are always isotropic. This corresponds to
the Liouville (Cotton) projective invariant for affine sprays in 2-dimensional Riemannian geometry,
FINSLER SPACES OF CONSTANT FLAG CURVATURE 8
[12]. In Finsler geometry, Crampin [6] defines a projective Cotton tensor for arbitrary sprays, which
reduces to the curvature 2-form dhξ for isotropic sprays.
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